The dimensionality of a system plays a crucial role in determining its physical properties.
In low-dimensional systems, the interactions and quantum fluctuations affect the physical properties of the system much more than in higher dimensions: as the particle density decreases, a one-dimensional gas becomes more strongly-interacting -in contrast to the three-dimensional case [1] . So does the finiteness of the system: the total energy, heat capacity, entropy and magnetization are not linearly-dependent on the number of particles -unlike the case for the infinite system, where these quantities are extensive.
The effects of reduced dimensionality have attracted the attention of theorists and experimentalists a like [2] [3] [4] [5] [6] . Many theoretical techniques have been applied to onedimensional Fermi systems -including the Bethe ansatz [7, 8] , the numerically-exact density-matrix renormalization-group approach [9] , the spin-density-functional theory [10] and quantum Monte Carlo simulations [11, 12] . The one-dimensional two-component Fermi gas in elongated harmonic traps has been the subject of interesting research in the past few years for attractive [13] as well as for repulsive interactions [14] . This system has been studied within the local-density approximation. For attractive interactions, a twoshell structure appears: the Fulde-Ferrell-Larkin-Ovchinnikov state in the center of the trap, and either a fully-paired or a fully-polarized phase in the wings. For repulsive interactions, a partially-polarized phase appears in the center of the trap, and a fullypolarized phase in the wings.
The experimental realization of one-dimensional systems can be achieved by manipulating ultracold quantum gases in atom chips [15] [16] [17] and in optical lattices [18, 19] . Different regimes of one-dimensional quantum atomic gases can be explored via the [20, 21] . A recent experimental breakthrough was the realization of a one-dimensional spin-imbalanced Fermi gas of 6 Li atoms [22] . Measurements were undertaken for the density profiles of a two-spin mixture of ultracold 6 Li atoms trapped in an array of one-dimensional tubes -analogous to electrons in one-dimensional wires. For finite spin imbalance, the system phase-separated with an inverted phase profile, as compared to the three-dimensional case.
Harmonically-trapped atomic gases are inhomogeneous; the number density has a maximum value at the trap center and drops to zero at its edges [23, 24] . For harmonically-trapped Fermi gases, this means that the chemical potential µ and Fermi temperature T F are position-dependent, although the interatomic collisions should ultimately be sufficient to establish thermal equilibrium.
Experimentally, preparing a homogeneous quantum gas in a trap is still quite a challenging problem. There have been several attempts to achieve this. One class of experiments involves the geometry of the trap; recently it has become possible to produce a homogeneous gas held in the quasi-uniform potential of an optical box trap [25, 26] .
Another class probes a small fraction of atoms near the center of the Fermi cloud; the probed atoms could represent a homogeneous gas [23, 27] .
For a 1D homogeneous Fermi gas, at low temperatures, F T T << , all available states in momentum space are filled up to the Fermi 'level' (actually, 'point'), which is sharplydefined. For an inhomogeneous gas, however, the number densities at different positions in a trap give rise to different values of T F [23] .
Using the local-density approximation [27, 28] , the trapped gas can be locally described as a homogeneous gas. That is, each 'local' region in the gas can be considered as a homogeneous system in its own right. A small fraction of atoms near the center of a harmonically-trapped gas could provide a good representation of a homogeneous system [23, 29, 30] . It has been found that probing the central 40% (or less) of the gas is sufficient to approximate a homogeneous Fermi gas [23, 26] .
In this work, a system of N fermions, each of mass m, harmonically-trapped in one dimension, is considered within the static fluctuation approximation (SFA) in the presence of a static magnetic field; N ranges from 50 to 250. These fermions are assumed to interact through a contact (i.e., delta-function) potential, either attractive or repulsive. SFA has already been applied to several other many-body systems [31] [32] [33] [34] [35] [36] . This approach is relatively simple, compared to other many-body theories, in the sense that it is not based on Green's functions or Feynman diagrams. The present formulation of SFA is applicable only to homogeneous systems. Thus, in view of the above remarks, it is valid only for that part of our system located near the center of the Fermi cloud.
Just like SFA, but unlike the Gross-Pitaevskii equation [37] , the Bogoliubov-de Gennes (BdG) approximation [1] takes into account the quantum fluctuations which cannot be ignored, specifically in low-dimensional systems. The BdG approximation is particularly suitable for inhomogeneous Fermi systems [38] .
The paper is organized as follows. In Section 2, the rudiments of SFA are outlined. In Section 3, the thermodynamic properties comprising the chemical potential µ, total energy U, heat capacity C and entropy S, as well as the magnetic properties including the magnetization M and susceptibility χ, are presented and discussed. Some closing remarks follow in Section 4.
2. SFA for a One-dimensional Trapped Fermi Gas
The Hamiltonian
The total Hamiltonian of the one-dimensional trapped Fermi gas is given by Ĥ is the single-particle Hamiltonian and 1 Ĥ is the interaction term:
are the Fermi field operators and x ω is the frequency in the longitudinal direction:
where the coefficients ( ) For mathematical convenience, the interatomic interaction is taken to be the contact potential:
g being the potential strength determined from the s-wave scattering length.
In the presence of an external magnetic field B (assumed here to be static), another term should be added to Ĥ so as to take into account the spin-field interaction: 
SFA Formalism
In the well-known mean-field approximation, the local-field operator is replaced with its mean value; whereas, in SFA, it is the square of this operator that is replaced with its mean value. The physical implication is that the corresponding energy spectrum in the latter case is replaced with a distribution around the mean value [31] [32] [33] [34] [35] [36] [39] [40] [41] [42] [43] [44] [45] .
SFA has been applied to both strongly-and weakly-interacting systems [31] [32] [33] [34] [35] [36] [39] [40] [41] [42] [43] [44] [45] .
The formalism can, in principle, be applied to any many-body system. However, it is ultimately an independent particle model; it can be viewed as a modified mean-field approach. Thus, its validity is dubious for dense and strongly-interacting systems -except perhaps at sufficiently low T [44] . The local-field (energy) operator can be written in terms of its mean value and the corresponding fluctuations:
The basic assumption in SFA is that, as has just been mentioned, the square of the fluctuations in this operator is replaced with its mean value:
. In the mean-field approximation, it is the operator itself that is replaced with its mean value and the occupation number operator
Here it ≡ τ , t being the time, and the indices k λ denote a complete set of quantum numbers describing a specific state.
Another basic assumption of SFA is that the local-field operator commutes with in the Heisenberg picture is, using Eq. (11),
From Eqs. (8) and (12),
is found to be [32] [
where the matrix element
One can then obtain all the necessary equilibrium correlation functions from the so-called long-range equation [44] , which relates the mean value of λ k n to that of λ
Â being an arbitrary operator which commutes with 
The distribution function can be determined by putting ˆ1 A = in Eq. (15):
It is more convenient to rewrite the 'generating' equation (15) in terms of the deviation of the occupation number operator, defined as
Thus,
The square of the fluctuation in the local-field operator can be calculated from Eq. (13):
for spin-up particles: and for spin-down particles:
Further, the square of the fluctuation in the number of particles is
To find the pair correlation function between spin-up fermions, we put
:
similarly for spin-down particles:
and for the correlation function between spin-down and spin-up fermions:
From the closed set of nonlinear coupled equations (17, (19) (20) (21) (22) (23) (24) (25) (26) (27) , one can find
The resulting coupled equations were solved numerically, using an iterative procedure. Throughout the work, trap units were used:
A number of states m was used up to 2000, as discussed in [45] , such that the results were independent of m. Further, Eq. (6) could not be used directly to evaluate the wave functions ( ) 
To calculate the thermodynamic properties of the system, we start with the grand partition function Q, defined as ( ) 
It is more convenient to take the logarithms of both sides:
This equation can be rewritten as linear in terms of the fluctuations of the local-field operator [44] ; with the aid of the identity
we have
Taking into account the symmetry of the quadratic fluctuations of the field operator, we get
where
The grand mean energy E is given by
U being the total energy and N the total number of particles. The Helmholtz free energy A of the system is defined as
and the entropy S as
The heat capacity at constant volume is
Finally, the magnetization M of the system is given by
↑ N and ↓ N being the numbers of up-spins and down-spins, respectively.
Results and Discussion

Thermodynamic Properties
Chemical potential µ
This was calculated from the constraint that the total number of particles in the system is Fig. 2 . It is observed that the general behavior of µ is the same, regardless of g eff . For weak g eff , µ is quite close to its value for the noninteracting harmonically-trapped Fermi gas. As g eff grows stronger, µ shifts up (down) for repulsive (attractive) interactions. This result is expected since the energy spectrum of the system is linearly-dependent on g eff , and E F shifts up (down) for repulsive (attractive) interactions.
Su et al. [48] studied the low-T behavior of a weakly-interacting Fermi gas trapped in a power-law potential, based on the pseudopotential method and the local-density approximation. For the interacting Fermi system trapped in a harmonic potential, they found that the repulsive (attractive) interactions increased (decreased) µ, just as in our work.
The results for µ/E F as a function of The thermodynamic properties of a noninteracting, harmonically-trapped Fermi gas were calculated by Grether et al. [49] . They found that at zero T, µ was equal to E F , as expected; it then decreased with increasing T, becoming negative at T F . The consistency in behavior between these results and ours may indicate that the hard-core interaction does not affect this behavior.
In concluding this subsection, we note that by examining the behavior of µ, we are in effect studying the fundamental thermodynamic function, namely, the Gibbs free energy G, since G = Nµ. Figure 5 shows the total energy per particle, U/N, in trap units as a function of the ground state or the degenerate regime); U/N will then be almost constant. As T increases, the number of particles in excited states increases; so that U/N increases. U/N also increases as N increases. This increase becomes more pronounced as T increases even further. For finite systems, U/N is an N-dependent quantity; unlike the case for infinite systems, where U/N is intensive. In a previous study [50] , U/N was investigated for a polarized atomic Fermi gas in a highly-elongated harmonic trap, using a mean-field Bogoliubov-de Gennes theory; the results are consistent with ours. g eff increases, the interaction term will reduce (increase) the value of U/N. At high T, the values of U/N are close to each other for all g eff , since the thermal energy dominates. The energy per particle for the interacting, harmonically-trapped Fermi gas was computed as a function of T using three approaches: the mean-field approximation [51] , the Bogoliubovde Gennes approximation [1] , and the local-density approximation [48] . In addition, this quantity was calculated for the noninteracting system [49] . The results were similar in all these four cases. The energy per particle was almost constant at low T and increased monotonically with increasing T, becoming linear in the classical limit. The agreement between these results and ours may imply that the interaction does not change the behavior of the thermodynamic properties; it just shifts them. , most particles will have their magnetic moments parallel to the field; so that the magnetic energy term in the energy spectrum will dominate. Thus, in this case, U/N becomes negative. Figure 9 shows the heat capacity studied the properties of a spin-polarized Fermi gas in a harmonic trap, using the ThomasFermi approximation. They found that C was a monotonic function of T, and in the high-T limit C =3Nk B . According to our SFA calculations, C for the present (one-dimensional) system is also a monotonic function at low T and reaches the classical value C =Nk B at high T, just as in the noninteracting system [49] . regimes. For attractive potentials, the system's transition to the classical regime is faster than for repulsive potentials because E F shifts up (down) for repulsive (attractive) potentials. Similar results were found by Su et al. [48] .
Total energy U
Heat capacity C
In passing, it is worth mentioning that C was calculated as a function of T for a d- For low T, T < 0.5T F , C decreases with increasing B; whereas for high T. T> 0.5T F , C increases with increasing B. This is because the energy spectrum of the system consists of three terms: the trapping, magnetic and interaction terms; and so does the heat capacity. Now, B affects both the energy spectrum and the particle distribution. For T< 0.5T F , the total energy per particle increases slowly as B increases because the trapping energy dominates; whereas for T> 0.5T F, the total energy per particle increases faster with T as B increases because the thermal energy is dominant. We close this subsection by stating that the above results also apply to the fundamental thermodynamic functions, the Helmholtz free energy A = U -TS, and the enthalpy H = Nµ + TS. Figure The first is when g eff is small: the system is almost ideal, and the magnetization is approximately constant. The second case is for attractive potentials: as g eff increases, M decreases from its 'ideal value', since attractive interactions hamper the alignment of magnetic moments along the field; however, as T increases, the thermal energy balances the effect of the attractive potential, so that M increases to reach a maximum. The third case is for repulsive potentials; as g eff increases, M decreases rapidly with increasing T. At As T increases, χ/Nµ B decreases from its maximum value until it reaches zero at high T, as before. The curves in this figure are 'proportional' to the corresponding curves in Fig. 17, indicating that the system under the present physical conditions is paramagnetic. This is consistent with experiment [24] .
Entropy S
Magnetic Properties
Magnetization M
Magnetic susceptibility χ
Conclusion
The thermodynamic and magnetic properties of a one-dimensional harmonically-trapped Fermi system in the presence of a static magnetic field were calculated within the In their overall behavior, our SFA results conform with those of Liu et al. [50] . This latter work is based on the BdG approximation for a polarized atomic Fermi gas in a highlyelongated harmonic trap. Our thermodynamic results agree in general with those of the quantum Monte Carlo method [12] . The calculation of the magnetic properties of the system in the present work represents a bonus.
The behavior of our thermodynamic properties as a function of T for weak g eff is close to that of a trapped ideal Fermi gas at ultra-low finite temperature studied by Qin and Chen 
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